The p-norm of the Hilbert transform is the same as the p-norm of its truncation to any Lebesgue measurable set with strictly positive measure. This fact follows from two symmetry properties, the joint presence of which is essentially unique to the Hilbert transform. Our result applies, in particular, to the finite Hilbert transform taken over ( -1,1) , and to the one-sided Hilbert transform taken over (0, oo). A related weaker property holds for integral operators with Hardy kernels.
INTRODUCTION
We denote the Hilbert transform of the function u by Hu, that is, dy , y -x £ -o+ 7" J\y-X \ >e y -• for -oo < x < oo. A famous theorem of M. Riesz [7] asserts that, for 1 < p < oo, there exists a constant M p < oo such that for every function u € L P (R); hence, J? is a bounded linear operator on L P (R) with norm ^ M p . During the 1960s, a number of authors made progress towards establishing the value M* of the best constant in (1.1). O'Neil and Weiss [5] gave the upper bound where q is the conjugate exponent to p, that is, 1/p + 1/q = 1, and Gohberg and Krupnik [3] gave the lower bound M p ^ u(p) for p = 2 n (n = 1, 2, 3, ... ), where / tan(7r/2p), 1 < p < 2, i/(p) = < I cot (n/2p), 2 < p < oo.
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W. McLean and D. Elliott [2] The question was settled in 1972 by Pichorides [6] , who proved that M* = u{p) for 1 < p < oo. A recent book by Krupnik [4, Chapter 2] contains a lengthy discussion of some generalisations of this result, involving weighted L p spaces and quotient norms.
In the present paper, we consider the truncated Hilbert transform, defined by
where £ is a measurable subset of R. The most commonly occurring cases are the finite Hilbert transform, for which E = (-1,1), and the one-sided Hilbert transform, for which E -(0,oo). It is obvious that, for 1 < p < oo, there exists a constant M P< E < oo such that
for every u £ L p (R), and moreover the best constant M* E satisfies M* E ^ M* . We will show that in fact equality holds, that is,
provided the Lebesgue measure of E is not zero. The method of proof involves two symmetry properties of the Hilbert transform, and yields as a by-product a related result for integral operators with Hardy kernels.
TRANSLATIONS AND DILATATIONS
Denote the norm of a function / in L P (R) by
and the norm of a linear operator A :
Let XE '• L P {R) -> L P (R) be the operator of pointwise multiplication by the characteristic function of the measurable set E C R; in other words
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700027799
[3]
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In this way, we can think of L p (E) as a closed subspace of L p (R), and write the truncated Hilbert transform as
The best constants mentioned in the Introduction are simply the p -norms M; = \\H\\ P , M; IB = \\H E \\ P .
Introduce the translation operator
and the dilatation operator
Both T a and V m are isomorphisms, indeed,
and moreover, both operators are isometries, that is, For example, consider an integral operator (possibly singular)
Ku{x)= 4 k(x,y)u(y)dy,
-oo < x < oo, [4] and assume that K is a bounded linear operator on L p (R Obviously, both properties hold for the Hilbert transform, and we will now show that H is essentially the only integral operator for which this is the case. If A commutes with dilatations, then it is tempting to send m to oo in part (ii) of Theorem 2.2, and to conclude that \\A\\ P = \\A E \\ P because ||A mjB || p -> \\A\\ p . We will see that this can be done, provided the set E is 'sufficiently dense' at zero. We are now ready to prove the result mentioned at the beginning of this section. 
